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Abstract

Prime numbers are known to be in one of two series; P mod 6 = +1. In this paper, we introduce the concept of |nteger
Absolute Position in prime series, and we use the concept to develop a structure for composite integer numbersin the prime
seriesP mod 6 = -1.

We use the developed structure to state theorems and to develop a deterministic algorithm that can test smultaneously for
primality and prime factors of integers of theform Z mod 6 = -1.

The developed algorithm is compared with some of the well known factorization algorithms. The results show that the
developed algorithm performswell when thetwo factors are close to each other.

Although the current version of the algorithm is of complexity ((N/62) %2 12), but the factsthat, the algorithm hasa parallel
characteristics and its performance is dependent on a matrix search algorithm, makesthe algorithm competent for achieving
better performance.
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1. Introduction

Factoring numbers is a hard task, which means that any algorithm designed to factor will not run in polynomial
time. In fact, most of the algorithms that exist today run on the order of €", where e is Euler’s number [1]. Generally
speaking, the most useful factoring algorithms fall into one of the following two main classes [2]:

A. The run time depends mainly on the size of N, the number being factored, and is not strongly dependent on the size
of the factor found. Examples are: Lehman’s algorithm [8] which has a rigorous worst-case run time bound O(N *3), .
Shanks’s SQUFOF algorithm [9], which has expected run time O(N*%). Shanks’s Class Group algorithm [3,4] which
has run time O(N Y**¢) on the assumption of the Generalised Riemann Hypothesis.

The Continued Fraction algorithm [5] and the Multiple Polynomia Quadratic Sieve algorithm [6], which under
plausible assumptions have expected run time O(exp(c(log N log log N) ¥?)), where c is a constant (depending on
details of the algorithm).

B. The run time depends mainly on the size of f, the factor found. (We can assume that f < N.) Examples are;— Thetrial
division agorithm, which has run time O(f - (log N)?). The Pollard “rho” algorithm [7] which under plausible
assumptions has expected run time O(f¥-(logN)?). Lenstra’s “Elliptic Curve Method” (ECM) [10, 11] which under
plausible assumptions has expected run time O(exp(c(log f log log f) *. log(N)? ), where c is a constant.

In these examples, the term (log N)  is a generous allowance for the cost of performing arithmetic operations on
numbers of size O(N) or O(N #), and could theoretically be replaced by (log N) **¢ for any € > 0.

The fastest known general-purpose factoring algorithm is the General Number Field Sieve (GNFS), which in
asymptotic notation takes S = O (exp((64/9 n) * (log n) #3)) steps to factor an integer with n decimal digits. The
running time of the algorithm is bounded below by functions polynomial in n and bounded above by functions
exponentia inn[12].

The apparent difficulty of factoring large integers is the basis of some modern cryptographic algorithms. The RSA
encryption agorithm [13], and the Blum-Blum Shub cryptographic pseudorandom number generator [14] both rely on
the difficulty of factoring large integers. If it were possible to factor products of large prime numbers quickly, these
agorithms would be insecure. The SSL encryption used for TCP/IP connections over the World Wide Web relies on
the security of the RSA agorithm [15]. Hence if one could factor large integers quickly, "secured” Internet sites would
no longer be secure. Finally, in computational complexity theory, it is unknown whether factoring isin the complexity
class P. In technica terms, this means that there is no known algorithm for answering the question "Does integer N



have a factor less than integer s?' in a number of steps that is less than O(P(n)) , where n is the number of digitsin N,
and P(n) isapolynomial function. Moreover, no one has proved that such an algorithm exists, or does not exist.
In this paper we present a new approach for developing a primality testing and factorization agorithms. The run

time of this algorithm is mainly based on the distant between the two factors, more precisely on the distant between the
square root of the integer and the smallest factor.

Although we only deal in this paper with integers of the form Z mod 6 =-1, but the same approach can be applied for
integers of the form Z mod 6 = 1. Our proposed approach handles primality testing and prime factorization as one
problem, and is based on looking for a prime factor for a given integer within a determined search space. If a factor is
found within this space then the given integer is composite otherwise it is prime.

To define the searching space, we state the concept of absolute position for composite numbers of the form
Z mod 6=-1, and we use this concept to define an infinite matrix space of absolute positions for composite numbers. In
this structure or matrix space, a composite number is represented by its absolute position, and its location in the matrix
space is defined by its prime factors. To determine the matrix space searching boundaries for a given integer we state
and proof some theorems based on absol ute position concept.

Based on the stated theory we present a deterministic primality testing and factorization algorithm by constructing a
simple equation that  correlates the absolute position of the integer under testing and its prime factors.

This paper contributes to number theory efforts in introducing new concepts and approaches to develop algorithms

that improve the complexity of primality testing and factorization algorithms.
This paper is organized as follows; in section two we define prime series and state the basic compositeness theorem for
composite numbers of the form Z mod 6 =-1. In section three we develop and highlight a structure of those composites
using the concept of absolute position. In section four we discuss the developed absolute positions structure. Based on
this structure a preliminary algorithm for Primality testing and factorization was presented in section five. Conclusions
are given in section six.

2. Prime Series

Itisawell known fact that prime numbers falls either in R5={z: zmod 6 =5,z € Z} or R1={z:zmod 6 =1, z€ Z}.
We cal R5 and R1 prime series, where R5 and R1 represent integers of the for Z mod 6 =-1 and Z mod 6 =1
respectively. Thus R5 = {5, 11, 17, 23, 29, 35, 41, 47, .} and R1 = {1, 7, 13, 19, 25, 31, 37, 43, 49, ......}. To
understand the nature of the composite numbersin R5, we state the following theorem.

Theorem (1)

For any integer Z € R5, then either Z is a prime or composite number. If Z is a composite number, then it either has
the form Z= mn, where m € R5 and n € R1. Or Z has more than two factors, in which case, either Z has the form Z =
mym,.....m;, where mym,.....m; € R5 and i =3,5,7,,9 .., or it has the form Z= mym,....mi.nn;...... n; , where
myMm,.....,m; €R5 i=3579,.,andn.n,...... N €R1j=1,2,345....

We only need to prove the theorem for compositeness.
(a) Suppose Z € R5 is a composite number that has two factors, then
Z=mn - mn (mod 6) =5 - (((m mod 6) (n mod 6)) mod 6) =5 (1)
Since (m mod 6) and (n mod 6) is either 0,1,2,3,4 or 5,. (1) holds only if either (m mod 6) =5 and (n mod 6) =1 or (M
mod 6) =1 and (n mod 6) =5. Therefore one factor (m or n) € R5 and the other factor € R1.
(b) If Z isacomposite number with more than two factors, then Z can either be expressed as:
Z=mym,.....m;, wherem; m2....., mi €R5 2
Or
Z=myMy.....M.MmN...... n, wheremym,.....m; €R5and nyn,...... N €R1. 3)
Clearly (2) holds only when i=3,5,7,9,..., and (3) holds only when i=3,5,7,9,... and j=1,2,3,4,5,6,....

3. The Structur e of Composite Numbersin R5

Based on theorem (1), each prime number in R5 generates a chain of composite numbers in R5 in arithmetic
progression. The following Lemma defines chains generated by primesin R5.
Lemma (1)
If Pisaprimein R5, then P generates the following chain of compositesin R5:
Zp={ z=6nP+P; n=1,2,3/4,...} (4
Thus any composite number Z generated by P is given by:



Z = P(6n+1), where P isthe prime generator, n=1,2,3, 5)
Table (1) shows part of the composite numbers matrix space generated by primesin R5.

TABLE (1) Matrix Spacefor Composite Numbersin R5

R5 |5 11 |17 |23 |29 | 35 41 ... |R1
35 |77 | 119 | 161 | 203 | 245 | 287 | 7
65 | 143 | 221 | 299 | 377 | 455 | 533 ... | 13
95 | 209 | 323 | 437 | 551 | 665 | 779 .. |19
125 | 275 | 425 | 575 | 725 | 875 | 1025 | ... | 25
155 | 341 | 527 | 713 | 899 | 1085 | 1271 | ... | 31

Definition (1): We call the position of each number within the R5 series as an Absolute Position (AP) and for a given
integer Z this position is calculated by the following equation:

AP(Z) =Zdiv 6 (6)
Thus AP (5) = 0.

Definition (2): We call the position of a composite number Z within its prime chain as a Relative Position (RP), and for
agiven number Z this position is calculated from (5) as:

AP(Z) = ((Z divP)-1)div6e (7)

Obviously, all primes have RP=0. For example, to find the 15" composite number in chain 17, use (5) to calculate
Z=p(6n+1)=17(6.15+ 1) = 17. 91 = 1547

Theorem (2):

The relationship between the Absolute Position (AP) and the Relative Position (RP) for a composite number Z
generated by the prime P is given by:
AP(Z) =P* RP(Z) + (P div 6) (8)
For example, using (8), the AP for the 15" composite number in chain 17 is:
AP=15%* 17 + (17 div 6) = 255 + 2 = 257
Using (6), AP = (1547 div 6) = 257

4. The Structure of Absolute Positionsfor R5 Composite Numbers

The Absolute Positions for composite numbers in R5 are distributed along an infinite matrix space in a regular
manner. Table (2) shows this matrix space.

TABLE (2): Distribution of Composite Number’s Absolute Positions in R5

P 11 |17 |23 |29 |35 |41 |47 |.|Q
AP |1 |2 3 4 5 6 7 .
12 |19 |26 |33 |40 |47 |54 | . |7
23 136 |49 |62 |75 |8 101 |.]|13

34 |53 |72 |91 |110 | 129 | 148 | .| 19
45 |70 |95 120 | 145 | 170 [ 195 | .| 25
56 | 87 | 118 | 149 | 180 | 211 | 242 | . |31
67 | 104 | 141 | 178 | 215 | 252 | 289 | . | 37
78 | 121 | 164 | 207 | 250 | 293 | 336 | . | 43
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From the structure of Table (2), we note the following:
The AP of the first composite number generated by prime Pisgiven by : P+ AP(P).



The consecutive difference between adjacent column positionsis P.
The AP of the first composite number generated by prime Q isgiven by : Q + 5*AP(Q)
The consecutive difference between adjacent row positionsis Q.

The position of any entry in the matrix space can be denoted by X,., where r denotes the RP(X) row wise and ¢
denotes the RP(X) column wise; For example Xg4 is the entry in row 6, column 4 of the absolute positions matrix,
whichis 141.

Now, if X isan AP in matrix space which is generated column wise by P and row wise by Q, then X satisfies the
following two equations:
X =P*AP(Q) + AP(P) (9)
X =Q*AP(P) + 5 AP(Q) (10
For example the AP of the 7™ element generated by 17 which is the
second element generated by 43 can be calculated from (9) as: X =17 * 7
+2=119+2=121, and calculated from (10) as: X =43* 2+ 5*7=86 +

35=121.
Now if we denote AP(P)=c and AP(Q)=r then (9) and (10) becomes respectively:

X=r (6c+5) +C (11
and

X =c(6r +1) + 5r (12)
From (11) and (12) we get respectively:

(X-c)mod (6c +5) =0 (13)

(X =5r) mod (6r+1) =0 (19

5. A Factorization and Primality Testing Algorithm

Given Z as an R5 integer, we can use (13) and (14) to scan the absolute positions matrix space vertically or/and
horizontally, to verify whether AP(Z)=X is within the matrix space or not. To determine the search space limits we
have to specify an initial value for ¢ and r to represent the lower limit, and to use the fact that the first composite
position generated by P (column wise) and Q (row wise) are P+AP(P)= (6¢c +5) + c and 5* AP(Q) = 5r respectively, as
an upper limit.

Now if Z is composite, then its position in the matrix space is defined by the values of AP(P) =c and AP(Q)=r. And
since one of the two factors for Z is more nearer to the initial value of ¢ (the R5 factor) or r (the R1 factor), we need an
algorithm to scan the search space vertically and horizontally. The following agorithm initialize ¢ and r to 1, bounds
the upper search limit to ((6¢c+5) + ¢ < n) and scans the matrix space forwards vertically and horizontally
simultaneously.

Algorithm:

1. Choose anumber, Z in R5, you wish to factor

2. Letn =Zdiv 6

3. Is(nmod5=0)
0 YES: Ziscomposite, the two factors are; f1= 5 and Z/f1.
0 NO?- continueto next step

4. Letc=r=1

5. Let PrimalityFlag = 1.

6. While((6ct+5) +c) <n)

a Is((n-c)mad (6*c+5))=0
YES: Z is composite, the two factors are; f1=c * 6 +5 and Z/f1, PrimalityFlag=0, End.

NO: b. Is(n-5*r)mod (6*r +1)) =0
YES: Ziscomposite, the two factors are; f1=r * 6 +1 and Z/f, PrimalityFlag =0, End.
0 NO:incrementcandr
7. Goback tostep 6
8. ZisPrime

(o]
(o]
(o]
(o]



The algorithm is a parallel algorithm since the searching space [c=1, ((6¢c+5) + ¢)) < n)] can be divided to digoint
intervals as value of nisknown.

5.1 Algorithm Performance

There are two major performance degradation problems in the above agorithm. The first problem is when the
column and row variables ¢ and r takes a value that they generates before as a composite absolute position, (for
example, when c takes the values 5, 10, 15, 20, ....which are generated previously by ¢=0, or when c takes the values
12,23,34,45, ...which are values generated previously by c=1, and so on, or when r takes the values 10,23, 36, 49, ....
which are values generated previously by r=2, and so on ), which makes the algorithm repeat a non-significant tests.
The second problem is the low initial value for ¢ and r when Z is a very large prime number, or a composite number
with very large factors.

The first performance problem is due to the fact that each prime in R5 generates a chain of composite numbers in
R5. Although it is known that the distance between the prime P and its offspring composite numbersis 6P (for example
the composites generated by ¢=0 are ¢=5,10,15,.... and the composites generated by c=1 are ¢=12,23,34, .... .... and so
on) generally c=i generatesc=1i + k (6i+5) , k=1,2,3,4,.....,

To make the algorithm recognizing all previous prime values the column generator variable P takes in order to avoid
non significant tests, this will make the algorithm very complex in terms of storage and speed. Therefore for simplicity
and hence performance wise it is better to omit this problem.

To deal with the second problem of low initial valuesfor c and r, we state the following theorem.

Theorem (3):

Let Z be an R5 large composite number with AP (Z) =X. The suitable initial value for column and row variables ¢ and
r ( most nearer values to the expected column or row value that generates Z) is c=r= sgrt(X/6).

Proof:

From (11) and (12) we have X= 6rc+5r +c. Thisimpliesthat X > 6rc. Now if we assume c=r (i.e we will initialize c and
r to the same value) then X > 6 ¢ > X/6 > ¢ > ¢ < sqrt (X/6).

Based on the above theorem it follows that one of Z factors will be generated by a c value greater than the c initial
value while the second factor is generated by a c value less than the initial value.

Since the square root of any composite integer number Z leans towards the smallest factor, it is always more
efficient to locate the smallest factor by scanning the absolute positions matrix space backwards rather than forwards.
Also since the smallest factor may either be in R5 or R1, for a deterministic reliable algorithm, the scanning should be
done simultaneously column and row wise.

Based on theorem (3), we introduce the following a gorithm.

Deterministic Primality Testing and Factorization Algorithm

1. Choose anumber, Z in R5, you wish to factor
2. Letn=2Zdiv 6
3. Is(nmod5=0)
a.  YES: Ziscomposite, the two factors are; f1=5 and Z/f1.
b. NO?- continue to next step
Let c=r = sgrt(n/6)
Let PrimalityFlag = 1.
While (c >0)
a Is((n-c)ymod (6*c+5))=0
0 YES: Z iscomposite, the two factors are; f1=c * 6 +5 and Z/f1. PrimalityFlag=0, End.
o NO:
b. Is(n-5*r)mod (6*r + 1)) =0
0o YES: Ziscomposite, thetwo factors are; f1=r * 6 +1 and Z/f1. PrimalityFlag=0, End.
0 NO: decrementcandr
7. Goback to step 6
8. ZisPrime.

o oA



The above agorithm works backwards, which will performs poorly if one of the two factors is much smaller than the
other, in such case the same algorithm with initial value of 1 for r and ¢ and forwarding scanning will performs better.

5.1.1 Algorithm Complexity and Testing Results

The worst case of the algorithm is when N is prime, in such case the while loop is executed ((N/6%) %) times. The

best case iswhen Z is composite with factors f1 and f2 are twins, in such case the while loop executed only once O(1).
The average case iswhen Z is composite and f1 and f2 are not twins, is this case the while loop executed in average O
((N/6%) ¥212).
It is obvious that the performance of this agorithms depends on the distant (D) between the absolute positions of the
prime generators of the composite factors f1 1nd f2. If we assume that f1 and f2 are generated by P and Q with
AP(P)=c and AP(Q)=r respectively and f1l < f2 then D=r —c. The exact no of iterations required to fix f1 is
((N/6%) ¥%2) —0).

5.1.2 Testing

We test our algorithm against the well known factoring agorithms, Fermat, Pollard p-1, Pollard-Roh, and Shanks
algorithm. All tests were run on an Intel Pentium 4 3.20 GHz processor with 1GB of RAM. Windows XP Service Pack
2 was the host operating system. Version 1.6.0_07 of the Java Runtime Environment was used. Test programs were
executed using a command line invocation of the Java client virtual machine. Java Development Kit version 1.6.0_07
was used for compiling test code. Table (3) shows the testing results. The developed algorithm performs when the
factors are too close.

TABLE (3): Comparison Between the Developed Algorithm and Known Algorithms

Length Number Factors Fermat | Shanks Pollard p- | Pollard | Developed

in bits 1 rho Algorithm

32 2213186951 63709 62 31 0 0 0
34739

40 614278415189 1014131 608 78 16 31 15
605719

48 141053907833849 12746687 811 203 a7 31 16
11065927

48 103566076470137 10304911 a7 218 31 31 0
10050167

60 807759537987786023 784133621 319707 | 1841 545923 218 26005
1030129963

64 11002930366353704069 3267000013 13790 7361 7004 592 11201
3367900313

64 15273041663564843243 3990032597 31216 9875 3759 718 17955
3827798719

64 15920357810903658149 3990032597 0 0 120385 702 0
3990032017

95 315713896339217013334 | 167102507056 | Too Toolarge | 266979 285059 | Too large

04835491 669 large

188934266696
639

6. Conclusion

The developed algorithm utilizes a new approach for developing primality testing and factorization algorithms that
gives new sights to the factorization and primality testing problems. The parallel characteristic of the developed
algorithm and its dependency on a matrix search algorithm makes it competent for a fast performance on refinements.




The major contributions of the developed theory and algorithm are simplicity and ease of implementation, parallelism,
and high speed when integer factors are relatively close.
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